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In this paper, some properties associated with the complete monotonicity and the
logarithmically complete monotonicity of functions related to the gamma, psi and
tetragamma functions are obtained. Relevant connections of the results presented here
with those derived in earlier works are also pointed out.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
A function f is said to be completely monotonic on an interval I if it has derivatives of all orders on I and satisfies the
following inequality:
(−1)nf (n)(x) ≥ 0 (x ∈ I; n ∈ N0 := N ∪ {0},N := {1, 2, 3, . . .}). (1)
Dubourdieu [1, p. 98] pointed out that, if a non-constant function f is completely monotonic on I = (a,∞), then strict
inequality holds true in (1). See also [2] for a simpler proof of this result. The most important facts on these functions are
collected in [3, Chapter IV]. We also refer the reader to [4] and the list of references given therein.
A positive function f is said to be logarithmically completely monotonic on an interval I if its logarithm ln f satisfies the
following inequality:
(−1)n[ln f (x)](n) ≥ 0 (x ∈ I; n ∈ N).
It is known that a logarithmically completely monotonic function f on I must be completely monotonic on I (see [5–10]).
The classical Euler gamma function
Γ (x) =
∫ ∞
0
tx−1e−tdt,
the digamma (or psi) functionψ(x) = Γ ′(x)/Γ (x), and the polygamma functionsψ (n)(x) for n ∈ N and x > 0 are important
special functions and have extensive applications. In particular, the functions ψ ′(x) and ψ ′′(x) are called the trigamma and
tetragamma functions (see [11, p. 260]).
The main object of this paper is to present some properties of functions related to the gamma, psi and tetragamma
functions, which involve the complete monotonicity and the logarithmically complete monotonicity. We also indicate
relevant connections of the results presented here with those derived in earlier works.
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2. Completely monotonic functions
The Euler–Mascheroni constant γ = 0.577215664 . . . is defined as the limit of the sequence
Dn =
n−
k=1
1
k
− ln n (n ∈ N).
The following bounds for Dn − γ were established in [12,13]:
1
2(n+ 1) < Dn − γ <
1
2n
(n ∈ N).
The convergence of the sequenceDn to γ is very slow. In 1993, DeTemple [14] studied amodified sequencewhich converges
faster and established the following inequalities:
1
24(n+ 1)2 < Rn − γ <
1
24n2
, (2)
7
960(n+ 1)4 < γ − Rn +
1
24

n+ 12
2 < 7960n4 , (3)
where
Rn =
n−
k=1
1
k
− ln

n+ 1
2

.
Recently, Chen [15,16] obtained sharp forms of inequalities (2) and (3).
It is well-known [11, p. 258, 6.3.2] that
ψ(n+ 1) = −γ +
n−
k=1
1
k
,
and then, we see that the inequality (2) can be written as
1
24(n+ 1)2 < ψ(n+ 1)− ln

n+ 1
2

<
1
24n2
.
We conclude from a well-known asymptotic formula for ψ ′′ (see, for example, [11, p. 260, 6.4.13]) that for given p ∈ R,
ψ ′′(n+ p) ∼ − 1
n2
+ 2p− 1
n3
+ · · · (n →∞).
We find that the sequences
ψ(n+ 1)− ln

n+ 1
2

n≥1
and

ψ ′′(n+ p)

n≥1
converge to zero with speed estimated by n−2.
We now define the sequence (un)n∈N by
un = ψ(n+ 1)− ln

n+ 1
2

+ qψ ′′(n+ p). (4)
We are interested in finding fixed parameters p and q such that (un)n∈N converges as fast as possible to zero. Our study is
based on the following Lemma 1.
Lemma 1 (See [17,18]). If the sequence (λn)n∈N converges to zero and if there exists the following limit:
lim
n→∞ n
k(λn − λn+1) = l ∈ R (k > 1),
then
lim
n→∞ n
k−1λn = lk− 1 (k > 1).
This lemma is suitable for accelerating some convergences, or in constructing some asymptotic expansions [19,20,17,18,
21,22].
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Theorem 1. Let the sequence (un)n∈N be defined by (4). Then for
p = 1 and q = 1
24
, (5)
we have
lim
n→∞ n
5(un − un+1) = 180 and limn→∞ n
4un = 1320 . (6)
The speed of convergence of the sequence (un)n∈N is given by the order estimate O

n−4

.
Proof. First of all, we write the difference un − un+1 as the following power series in n−1:
un − un+1 = 1− 24q12n3 +
24pq− 1
4n4
+ 41− 960qp
2
80n5
+ O

1
n6

. (7)
According to Lemma 1, the two parameters p and qwhich produce the fastest convergence of the sequence (un)n∈N are given
by (7)
1− 24q = 0
24pq− 1 = 0,
that is, by (5). We thus find that
un − un+1 = 180n5 + O

1
n6

.
Finally, by using Lemma 1, we obtain assertion (6) of Theorem 1. 
Motivated by the investigations of Theorem 1, Theorem 2 considers complete monotonicity properties of the function:
fc(x) = ψ(x+ 1)− ln

x+ 1
2

+ 1
24
ψ ′′(x+ c) (x > 0; c ≥ 0). (8)
Theorem 2. Let a, b ≥ 0. The function fa, as defined in (8), is completely monotonic if and only if a ≥ 1. Also,−fb is completely
monotonic for 0 ≤ b ≤ 12 .
Proof. Using the following representations:
ψ(x) =
∫ ∞
0

e−t
t
− e
−xt
1− e−t

dt,
ψ ′′(x) = −
∫ ∞
0
t2e−xt
1− e−t dt
(see [11, p. 259, 6.3.21] and [11, p. 260, 6.4.1]) and
ln x =
∫ ∞
0
e−t − e−xt
t
dt
(see [11, p. 230, 5.1.32]), we find that
fa(x) =
∫ ∞
0
pa(t)
24t(et − 1)e
−xtdt (9)
and
− fb(x) =
∞
0
−pb(t)
24t(et−1)e
−xtdt, (10)
where
pa(t) = −24t + 48 sinh(t/2)− t3e(1−a)t .
It is easy to see that for t > 0,
pa(t) > 0⇐⇒ G(t) := 1− 3 ln 2+ ln 3t −
1
t
ln

2
t3
sinh

t
2

− 1
t2

< a (11)
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and
− pb(t) > 0⇐⇒ G(t) := 1− 3 ln 2+ ln 3t −
1
t
ln

2
t3
sinh

t
2

− 1
t2

> b. (12)
Consider the function g(u) defined by
g(u) := 1− 3 ln 2+ ln 3
2u
− 1
2u
ln

1
4u3
sinh (u)− 1
4u2

(u > 0).
Differentiation yields,
2u2g ′(u) = h(u) := ln 2+ ln 3+ 3 sinh u− u cosh u− 2u
sinh u− u + ln

sinh u
u3
− 1
u2

and
uh′(u) = −3

cosh(2u)− 1− 2u3 sinh u− 12u sinh u+ 4u2 cosh u+ 2u2
cosh(2u)− 4u sinh u+ 2u2 − 1 .
By using the power series expansions of hyperbolic functions, we get
3

cosh(2u)− 1− 2u3 sinh u− 12u sinh u+ 4u2 cosh u+ 2u2
= 1
180
u8 + 13
25200
u10 +
∞−
n=6
(4n − 16n3)+ (4n − 40n)+ 4n + 40n2
(2n)! u
2n > 0 (u > 0)
and
cosh(2u)− 4u sinh u+ 2u2 − 1 =
∞−
n=3
4n − 8n
(2n)! u
2n > 0 (u > 0).
Hence, h′(u) < 0 for u > 0. Thus, for u > 0,
h(u) < lim
u→0+
h(u) = 0 H⇒ g ′(u) < 0,
and we have
1
2
= lim
u→∞ g(u) < g(u) < limu→0+
g(u) = 1
and
1
2
< G(t) < 1 (t > 0). (13)
It follows from (11)–(13) that
pa(t) > 0 (t > 0; a ≥ 1), (14)
and
− pb(t) > 0

t > 0; b ≤ 1
2

, (15)
so that (9) and (14) imply for a ≥ 1,
(−1)nfa(x)(n) = ∫ ∞
0
tn−1pa(t)
24(et − 1)e
−xtdt > 0 (x > 0; n ∈ N0), (16)
(10) and (15) yield for 0 ≤ b ≤ 12 ,
(−1)n−fb(x)(n) = ∫ ∞
0
tn−1
−pb(t)
24(et − 1) e
−xtdt > 0 (x > 0; n ∈ N0). (17)
Conversely, if fa is completely monotonic, then we have
fa(x) > 0 (x > 0). (18)
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We conclude from asymptotic formulas for ψ and ψ ′′ (see, for example, [11, p. 259, 6.3.18] and [11, p. 260, 6.4.13]) that
fa(x) = ψ(x+ 1)− ln

x+ 1
2

+ 1
24
ψ ′′(x+ a)
= a− 1
12x3
+ O(x−4) (x →∞). (19)
It then follows that it is necessary to have a ≥ 1 for fa(x) > 0 on (0,∞). 
Remark 1. It follows from (19) that
lim
x→∞ f1(x) = limx→∞ f 12 (x) = 0. (20)
From the decreasingness of f1, the increasingness of f 1
2
and (20), we get that for x > 0,
− 1
24
ψ ′′ (x+ 1) < ψ(x+ 1)− ln

x+ 1
2

< − 1
24
ψ ′′

x+ 1
2

. (21)
In particular, taking x = n ∈ N in (21), we have
− 1
24
ψ ′′ (n+ 1) < Rn − γ < − 124ψ
′′

n+ 1
2

(n = 1, 2, . . .). (22)
The inequality (22) is sharper than (2), since
−ψ ′′ (n+ 1)− 1
(n+ 1)2 =
∫ ∞
0
t2e−(n+1)t
1− e−t dt −
∫ ∞
0
te−(n+1)tdt
=
∫ ∞
0
tet − et + 1
et − 1 te
−(n+1)tdt > 0, (23)
−ψ ′′

n+ 1
2

− 1
n2
=
∫ ∞
0
t2e−(n+1/2)t
1− e−t dt −
∫ ∞
0
te−ntdt
=
∫ ∞
0

(t/2)
sinh(t/2)
− 1

te−ntdt < 0. (24)
Remark 2. It would be an interesting problem to be found the property that for all parameters c such that−fc is decreasing
on (0,∞). Computer experiments suggest that the function−fc is decreasing on (0,∞) for 0 ≤ c ≤ 0.931 . . . .
3. Logarithmically completely monotonic functions
Sholander [23] proposed the following elementary problem: for each positive integer n, define
Qn =

1+ 1
n
n2 n!
nn
√
n
.
Show that the sequence

Qn

n≥1 is monotonely decreasing and find its limit. Solution was given in [24].
Sholander’s problem will be an immediate consequence of the following theorem.
Theorem 3. For x > 0, let
Q (x) =

1+ 1
x
x2
Γ (x+ 1)
xx+1/2
.
Then, the function Q (x) is logarithmically completely monotonic on (0,∞). Moreover,
lim
x→∞Q (x) =

2π/e.
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Proof. By using the recurrence formula
Γ (x+ 1) = xΓ (x), (25)
we get
lnQ (x) = x2 ln

1+ 1
x

+ lnΓ (x)−

x− 1
2

ln x.
Differentiation yields,
lnQ (x)
′ = 2x ln1+ 1
x

+ ψ(x)− ln x+ 1
x+ 1 +
1
2x
− 2,

lnQ (x)
′′ = 2 ln1+ 1
x

+ ψ ′(x)− 2
x+ 1 −
1
x
− 1
(x+ 1)2 −
1
2x2
.
Using the representations:
ln
b
a
=
∫ ∞
0
e−at − e−bt
t
dt
in [11, p. 230, 5.1.32],
ψ ′(x) =
∫ ∞
0
te−xt
1− e−t dt
in [11, p. 259, 6.3.21] and
1
xr
= 1
Γ (r)
∫ ∞
0
t r−1e−xtdt (x > 0; r > 0)
in [11, p. 255, 6.1.1], we find that
lnQ (x)
′′ = ∫ ∞
0

2− 2e−t
t
+ t
1− e−t − 2e
−t − 1− te−t − 1
2
t

e−xtdt
=
∫ ∞
0
R(t)
2tet(et − 1)e
−xtdt, (26)
where
R(t) = (t2 − 2t + 4)e2t − (t2 + 2t + 8)et + 2t2 + 4t + 4.
Moreover, by easy computation, we get
R(t) = 5
6
t4 + 3
4
t5 + 151
360
t6 + 8
45
t7 +
∞−
n=8
(n2 − 5n+ 16) · 2n−2 − (n2 + n+ 8)
n! t
n > 0,
since
2n−2 > 2 ≥ n
2 + n+ 8
n2 − 5n+ 16 , n ≥ 8.
So that (26) implies
(−1)nlnQ (x)(n) = ∫ ∞
0
R(t)
2tet(et − 1)e
−xtdt > 0 (x > 0; n ≥ 2). (27)
We conclude from the asymptotic formula [11, p. 259, 6.3.18]:
ψ(x) ∼ ln x− 1
2x
− 1
12x2
+ · · · ,
that
lim
x→∞

lnQ (x)
′ = 0.
It follows from

lnQ (x)
′′
> 0 for x > 0 that
lnQ (x)
′
< lim
x→∞

lnQ (x)
′ = 0 (x > 0).
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Hence, for x > 0 and n ∈ N,
(−1)nlnQ (x)(n) > 0.
We conclude from the asymptotic formula of lnΓ (x) [11, p. 257, 6.1.41] that
lim
x→∞Q (x) =

2π/e.
The proof is complete. 
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